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We propose to investigate generating truly random bases for regular ma-
troids (or totally unimodular matrices). The corresponding problem for the
special case of graphic matroids (i.e. the problem of finding a random span-
ning tree of a given graph) has been extensively studied in the literature
and there are several known types of algorithms: determinant based algo-
rithms (e.g. [Gué83, CMN96, Kul90]), and random walk based algorithms
(e.g. [Bro89, Ald90, Wil96, KM09] and [LP11, Chapter 4]). The notion
of a “vertex” is crucial in all these approaches, and it is not clear how to
generalize these techniques to non-graphic matroids.

For the more general case of regular matroids the only known technique is
to start with an arbitrary basis and to perform a random walk on the “graph
of bases” (where two bases are adjacent if one can be obtained from the other
by an “edge-exchange” operation). Whether this chain mixes rapidly was
posed as a question by Aldous in [Ald83] and it was affirmatively answered
for regular matroids by Dyer and Frieze in [DF94]. The output of their
algorithm is an “almost uniformly generated” basis. To our knowledge, this
has been the state of art for almost two decades.

Recently, Matthew Baker and the author gave a new deterministic polyno-
mial time algorithm for choosing random spanning trees in graphs in [BS12].
The idea behind the algorithm is very simple; associated to any graph, there
is a well-defined finite abelian group called the Jacobian, whose order is equal
to the number of spanning trees of the graph. The first step in the algorithm
is to compute a presentation of the Jacobian group as a direct sum of cyclic
groups. Once the group is presented in this way, it is clear how to select a
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random element from the group. Having done so, one can efficiently compute
an explicit bijection between the group and the set of spanning trees.

We propose to carry out the same program for regular matroids. Indeed,
the author is able to define the “Jacobian” group for regular matroids and
to prove that the size of this group is equal to the number of bases. Further,
there is a natural bijection between the group elements and the bases of
the matroid. At this time our description of this bijection is geometric and
not very combinatorial. The remaining challenge is to either show that the
bijection is efficiently computable, or to come up with a different efficiently
computable bijection.

We note that once this final step is accomplished, one would automatically
obtain the desired algorithm for generating a truly random basis for regular
matroids.
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